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❛❧♦♥❣ t❤❡✐r ❛①❡s ❜② ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥s ❛s s❤♦✇♥ ✐♥
❋✐❣✳✶✳ ■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ✇r✐t❡ t❤❡ tr❛♥s❢❡r ♠❛tr✐①
♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ❝❡❧❧ ✭♦❢ ❧❡♥❣t❤ 2l✮ ♦❢ t❤❡ ♣❡r✐♦❞✐❝
❧❛tt✐❝❡✳ ❚❤❡ t✇♦ ✇❛✈❡❣✉✐❞❡s ❛r❡ ✜❧❧❡❞ ✇✐t❤ ❞✐✛❡r❡♥t
♣r♦♣❛❣❛t✐♦♥ ♠❡❞✐❛✱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❧❛tt✐❝❡ ✐s ❝❛❧❧❡❞
❛♥ ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡✳
❑❡r❣♦♠❛r❞ ❡t ❛❧✳ ❬✸❪ s❤♦✇❡❞ t❤❛t ❝♦✉♣❧✐♥❣ ❜❡t✇❡❡♥
♣❧❛♥❡ ✇❛✈❡s ✐♥ ❣✉✐❞❡s ✶ ❛♥❞ ✷ ✐♥tr♦❞✉❝❡❞ ❜② ❛ ❧❛t❡r❛❧
♣❡r❢♦r❛t✐♦♥ s✐t✉❛t❡❞ ❛t ❛ ❣✐✈❡♥ ❛❜s❝✐ss❛ xn✱ ❝❛♥ ❜❡
❞❡s❝r✐❜❡❞ ✐♥ ❛♥ ❡①❛❝t ♠❛♥♥❡r ❜② ❛ ♣❡r❢♦r❛t✐♦♥ ♠❛tr✐①
♦❢ ❢♦✉rt❤ ♦r❞❡r✳ ❆t ❛ ❣✐✈❡♥ ❢r❡q✉❡♥❝②✱ t❤❡ ♣❧❛♥❡ ✇❛✈❡
❛♠♣❧✐t✉❞❡s ♦❢ t❤❡ ❛❝♦✉st✐❝ ♣r❡ss✉r❡s ❛♥❞ ✈❡❧♦❝✐t② ♦♥
t❤❡ ❧❡❢t ♦❢ ❛ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥
VL =
(
V1L
V2L
)
=


p1L
v1L
p2L
v2L

 , ✭✶✮
❝❛♥ ❜❡ r❡❧❛t❡❞ t♦ t❤❡ s❛♠❡ q✉❛♥t✐t✐❡s ♦♥ t❤❡ r✐❣❤t
VR ♦❢ t❤❡ ♣❡r❢♦r❛t✐♦♥✱ ✉s✐♥❣ ❛ ❢♦✉rt❤ ♦r❞❡r ♣❡r❢♦r❛t✐♦♥
♠❛tr✐① PF ✐♥ ♦r❞❡r t♦ ✇r✐t❡✿
VL = PF VR . ✭✷✮
❚❤❡ ♠❛tr✐① PF t❛❦❡s t❤❡ ❢♦r♠ ❬✸❪ ✭❛♥t✐✲s②♠♠❡tr✐❝❛❧
♦r✐❡♥t❛t✐♦♥✮✿
PF =
(
(γ1 + γ2M) γ2(I−M)
γ1(I−M) (γ2 + γ1M)
)
, ✭✸✮
✇✐t❤
γ1,2 =
S1,2
S1 + S2
, M = I+
2ZaYs
1− ZaYs
(
1 Y −1s
Z−1a 1
)
,
✇❤❡r❡ S1 ❛♥❞ S2 ❛r❡ t❤❡ ❝r♦ss s❡❝t✐♦♥s ♦❢ t❤❡ ✇❛✈❡❣✲
✉✐❞❡s✱ ❛♥❞ Za ❛♥❞ Ys ✐♥tr♦❞✉❝❡ r❡s♣❡❝t✐✈❡❧② t❤❡ s❡r✐❡s
✭s♣❡❝✐✜❝✮ ✐♠♣❡❞❛♥❝❡ ❛♥❞ s❤✉♥t ✭s♣❡❝✐✜❝✮ ❛❞♠✐tt❛♥❝❡
♦❢ t❤❡ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥✳ I ✐s t❤❡ s❡❝♦♥❞ ♦r❞❡r ✐❞❡♥✲
t✐t② ♠❛tr✐①✳
✶
✶
✶
✷
✶
✷
♣❡r❢♦r❛t✐♦♥s
2l
✷ ❂
r✐❣✐❞ ✇❛❧❧ ✭σd = 0✮
✭σd = 1✮
❞✐❛♣❤r❛❣♠s
✭σd = [0.08; 0.8]✮
◆♦♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡
❇r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs
❍♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡
❛①✐s
❛①✐s
❛①✐s
❋✐❣✉r❡ ✷✳ ❈②❧✐♥❞r✐❝❛❧ ▲❛tt✐❝❡s ♦❢ ✜♥✐t❡ ❧❡♥❣t❤✿ ✐♥❤♦♠♦❣❡✲
♥❡♦✉s ❧❛tt✐❝❡ ✭t♦♣✮✱ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs ✇✐t❤
❝❧♦s❡❞ ❝❡❧❧s ✐♥ ❲❛✈❡❣✉✐❞❡ ✷ ✭❝❡♥t❡r✮ ❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ❧❛t✲
t✐❝❡ ✭❜♦tt♦♠✮✳
❚❤❡ ♣r♦♣❛❣❛t✐♦♥ ♦❢ ♣❧❛♥❡ ✇❛✈❡s ❛❧♦♥❣ t❤❡ ✉♥❝♦✉✲
♣❧❡❞ ♣♦rt✐♦♥ ♦❢ t❤❡ ✇❛✈❡❣✉✐❞❡s✱ ✐✳❡✳ ❜❡t✇❡❡♥ ❛❜s❝✐ss❛
xn+1 ❛♥❞ xn ✭❧❡♥❣t❤ 2l✱ s❡❡ ❋✐❣✳✶✮✱ ✐s ❞❡s❝r✐❜❡❞ ❜② ❛
❝❧❛ss✐❝❛❧ ❢♦✉rt❤ ♦r❞❡r tr❛♥s❢❡r ♠❛tr✐① T ✿
T =
(
T1 0
0 T2
)
=


A1 B1 0 0
C1 D1 0 0
0 0 A2 B2
0 0 C2 D2

 . ✭✹✮
❚❤❡ ❝♦♠♣❧❡t❡ tr❛♥s❢❡r ♠❛tr✐① r❡❧❛t✐♥❣ t❤❡ ♣❧❛♥❡
✇❛✈❡ ❛♠♣❧✐t✉❞❡s ♦♥ t❤❡ ❧❡❢t ♦❢ t✇♦ s✉❝❝❡ss✐✈❡ ♣❡r❢♦✲
r❛t✐♦♥s ♦❢ t❤❡ ♣❡r✐♦❞✐❝ ❧❛tt✐❝❡ ✭s❡❡ ❋✐❣✳✶✮ ✐s ✇r✐tt❡♥ ❛s
t❤❡ ♣r♦❞✉❝t ♦❢ t❤❡ tr❛♥s❢❡r ❛♥❞ t❤❡ ♣❡r❢♦r❛t✐♦♥ ♠❛✲
tr✐①✿
VL,n = PFT VL,n+1 . ✭✺✮
(❛♥❞ ❛❧s♦ VR,n = T PF VR,n+1)
❙✐♥❝❡ t❤❡ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ tr❛♥s❢❡r ♠❛tr✐① T ❛♥❞
t❤❡ ♣❡r❢♦r❛t✐♦♥ ♠❛tr✐① PF ❣✐✈❡♥ ❛❜♦✈❡ ❛r❡ ❣❡♥❡r❛❧✱
t❤❡② ❝❛♥ ❞❡s❝r✐❜❡ ♣r♦♣❛❣❛t✐♦♥ ❛t ❧♦✇ ❢r❡q✉❡♥❝② ✐♥ ❛
❣r❡❛t ✈❛r✐❡t② ♦❢ ♣❤②s✐❝❛❧ s✐t✉❛t✐♦♥s✳ ❋♦r ✐♥st❛♥❝❡ s✐t✉❛✲
t✐♦♥s ✇❤❡r❡ ❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷ ❛r❡ ♥♦♥ r❡❝✐♣r♦❝❛❧ ✭❢♦r
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❛♠♣❧❡ ✐♥ ❬✹❪✮✳
✸✳ ❉✐s♣❡rs✐♦♥ ✇✐t❤✐♥ t❤❡ r❡❝✐♣r♦❝❛❧
♣❡r✐♦❞✐❝ ❧❛tt✐❝❡
❑❡r❣♦♠❛r❞ ❛♥❞ P❛❝❤❡❜❛t ❬✶❪ s❤♦✇❡❞ t❤❛t t❤❛♥❦s t♦
t❤❡ ❜❧♦❝❦✲✇✐s❡ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ♣❡r❢♦r❛t✐♦♥ ♠❛tr✐①
✭❊q✳✸✮ ❛♥❞ t❤❡ tr❛♥s❢❡r ♠❛tr✐① ✭❊q✳✹✮✱ t❤❡ ❡✐❣❡♥✈❡❝✲
t♦rs ❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ tr❛♥s❢❡r ♠❛tr✐① PFT ❝❛♥
❜❡ ♦❜t❛✐♥❡❞ ❛♥❛❧②t✐❝❛❧❧②✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ t❤❡ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥s r❛❞✐✉s ✐s
s✉♣♣♦s❡❞ t♦ ❜❡ s♠❛❧❧ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✇❛✈❡❧❡♥❣t❤✳
❚❤❡ s❡r✐❡s ✐♠♣❡❞❛♥❝❡ ❛ss♦❝✐❛t❡❞ t♦ ❛♥t✐✲s②♠♠❡tr✐❝❛❧
♣r♦✜❧❡ ♦❢ t❤❡ ✢♦✇ ✈❡❧♦❝✐t② ❛❝r♦ss t❤❡ ♣❡r❢♦r❛t✐♦♥ ❝❛♥
❜❡ ✐❣♥♦r❡❞✱ ❜② ❝❤♦♦s✐♥❣ Za = 0 ❬✸❪ ✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢
t❤❡ ♣❡r❢♦r❛t✐♦♥ ♠❛tr✐① ✭❊q✳✸✮ ✳ ❯♥❞❡r t❤✐s ♣❛rt✐❝✉❧❛r
❛ss✉♠♣t✐♦♥✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ♣♦❧②♥♦♠✐❛❧ ❞❡t(PFT −
λI)=0 ❣✐✈❡s t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ ❬✶❪
1
Ys
= 2λ
[
γ2
B1
∆1
+ γ1
B2
∆2
]
, ✭✻✮
✇❤❡r❡ ∆1,2 = det(T1,2 − λI) = λ2 − λ(A1,2 +D1,2) +
detT1,2 ❛♥❞ I ✐s t❤❡ ✐❞❡♥t✐t② ♠❛tr✐① ♦❢ ♦r❞❡r ✷✳
■♥ t❤❡ ❢♦❧❧♦✇✐♥❣✱ ✇❡ ❛❧s♦ ❛ss✉♠❡ t❤❛t t❤❡ ✇❛✈❡❣✲
✉✐❞❡s ❛r❡ s②♠♠❡tr✐❝❛❧ ❛♥❞ r❡❝✐♣r♦❝❛❧✳ ❚❤❡s❡ ♣❤②s✐❝❛❧
♣r♦♣❡rt✐❡s ✐♠♣❧② ❢♦r t❤❡ tr❛♥s❢❡r ♠❛tr✐❝❡s ♦❢ ❲❛✈❡❣✲
✉✐❞❡s ✶ ❛♥❞ ✷✿ A1,2 = D1,2 ❛♥❞ det(T1,2) = 1✳
❚❤✉s ✇❡ ❝❛♥ r❡✇r✐t❡ t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ ♦❢ ♦r✲
❞❡r ❢♦✉r ✐♥ λ ✭❊q✳✻✮✱ ❛s ❛ s❡❝♦♥❞ ♦r❞❡r ♣♦❧②♥♦♠✐❛❧ ✐♥
coshΓ = (λ+ 1/λ)/2✿
2
Yp
=
B1
coshΓ−A1 +
B2
coshΓ−A2 , ✭✼✮
✇❤❡r❡ Yp = 2YsS1S2/(S1 + S2) ✐s t❤❡ ❛❝♦✉st✐❝ ❛❞♠✐t✲
t❛♥❝❡ ♦❢ t❤❡ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥✱❛♥❞ B1,2 = B1,2/S1,2✳
❚❤❡ ❞✐s❝r✐♠✐♥❛♥t ∆ ♦❢ t❤❡ q✉❛❞r❛t✐❝ ❡q✉❛t✐♦♥ ✐♥
coshΓ ✭❊q✳✼✮ ❝❛♥ ❜❡ ✇r✐tt❡♥ ❜② ❞❡✜♥✐♥❣ ❛ ❈♦✉♣❧✐♥❣
❝♦❡✣❝✐❡♥t C✱ ❛s ❢♦❧❧♦✇s✿
∆ = (A1 −A2)2
[
1 + 2
B1 −B2
B1 +B2
C + C2
]
✇❤❡r❡ C = 1
2
Yp
B1 +B2
A1 −A2 ✳ ✭✽✮
❚❤❡ t✇♦ s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ ✭❊q✳✼✮
❛r❡✿


coshΓ = 1
2
(A1 +A2
+ 1
2
Yp
[
B1 +B2
]−√∆)
coshΓ′ = 1
2
(A1 +A2
+ 1
2
Yp
[
B1 +B2
]
+
√
∆
) . ✭✾✮
◆❜ ♦❢ ❝❡❧❧s nc ✶✺
◆❜ ♦❢ ♣❡r❢✴❝❡❧❧ ns ✶✶
❈❡❧❧ ▲❡♥❣t❤ 2l 8.5 10−3 ♠
●✉✐❞❡ ✶ r❛❞✐✉s r1 2.54 10
−2 ♠
●✉✐❞❡ ✷ r❛❞✐✉s r2 5.08 10
−2 ♠
P❡r❢✳ r❛❞✐✉s rs 1.25 10
−3 ♠
P❡r❢✳ ♦♣❡♥ r❛t✐♦ σ ✷✳✶
❉✐❛♣❤✳ ♦♣❡♥ r❛t✐♦ σd ❬✵✳✵✽❀✵✳✽❪
❉✐❛♣❤✳ r❛❞✐✉s rd 1.25 10
−2 ♠
◆❜ ♦❢ ❞✐❛♣❤✳✴❝❡❧❧ nd [1; 10]
❚❛❜❧❡ ■✳ ●❡♦♠❡tr✐❝❛❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❧❛tt✐❝❡ s❤♦✇♥ ✐♥
❋✐❣✳✷
❚❤❡ ✜rst ❡✐❣❡♥♠♦❞❡ coshΓ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ❛✈❡r✲
❛❣❡ ♣❧❛♥❡ ♠♦❞❡ ♣r♦♣❛❣❛t✐♥❣ ✇✐t❤✐♥ t❤❡ ❧❛tt✐❝❡ ✇✐t❤
♥♦ ✐♥✢✉❡♥❝❡ ♦❢ t❤❡ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥s ✭❛t ❛♥② ❛❜✲
s❝✐ss❛ ✐♥ t❤❡ ❧❛tt✐❝❡✱ ♣r❡ss✉r❡s ✇✐t❤✐♥ ❲❛✈❡❣✉✐❞❡s ✶
❛♥❞ ✷ ❛r❡ ❡q✉❛❧ ✐♥ ❛♠♣❧✐t✉❞❡ ❛♥❞ ♣❤❛s❡✮✳ ❚❤❡ s❡❝♦♥❞
❡✐❣❡♥♠♦❞❡ coshΓ′ ✐s ❝❛❧❧❡❞ t❤❡ ✢✉t❡ ♠♦❞❡ ✭♣r❡ss✉r❡s
✇✐t❤✐♥ ❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷ ❛r❡ ❡q✉❛❧ ✐♥ ❛♠♣❧✐t✉❞❡
❛♥❞ ♦♣♣♦s✐t❡ ✐♥ ♣❤❛s❡✮ ❬✸✱ ✶❪✳ ❊①♣r❡ss✐♦♥s ❢♦r t❤❡ ✢✉t❡
♠♦❞❡ ❝❛♥ ❜❡ ❢♦✉♥❞ ❢♦r ❛ ❝♦♥t✐♥✉♦✉s ♠♦❞❡❧ ✐♥ ❬✺❪ ❛♥❞
❬✻❪✳ ❚❤❡ ✢✉t❡ ♠♦❞❡ ✐s ❛❧✇❛②s str♦♥❣❧② ❡✈❛♥❡s❝❡♥t ❛t
✈❡r② ❧♦✇ ❢r❡q✉❡♥❝② ✭❧❛r❣❡ Yp✮✳ ❚❤❡ str♦♥❣ ❝♦✉♣❧✐♥❣ ❜❡✲
t✇❡❡♥ ❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷ ♦❝❝✉rs ✇❤❡♥ t❤❡ ❝♦✉♣❧✐♥❣
❝♦❡✣❝✐❡♥t C ✭❊q✳✽✮ ✐s ❧❛r❣❡✿ t❤❡ ♠❡❞✐❛ ✇✐t❤✐♥ ❲❛✈❡❣✲
✉✐❞❡s ✶ ❛♥❞ ✷ ❛r❡ ♥♦t ✈❡r② ❞✐✛❡r❡♥t ✭A1−A2 ✐s s♠❛❧❧✮✱
♦r ✇❤❡♥ t❤❡ ♣❡r❢♦r❛t✐♦♥ ❡✛❡❝t ✐s str♦♥❣ ✭❧❛r❣❡ Yp✮✳
❆❢t❡r s♦♠❡ ❛❧❣❡❜r❛ ✭s❡❡ ❬✶❪ ❢♦r ❞❡t❛✐❧s✮✱ ❛♥❞ st❛rt✲
✐♥❣ ❢r♦♠ t❤❡ ❛♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ♦❢ t❤❡ ❡✐❣❡♥✈❡❝t♦rs
❛♥❞ ❡✐❣❡♥✈❛❧✉❡s ♦❢ t❤❡ tr❛♥s❢❡r ♠❛tr✐① PFT ♦❢ ♦♥❡ ❝❡❧❧✱
✐t ✐s ♣♦ss✐❜❧❡ t♦ ♦❜t❛✐♥ ❛♥❛❧②t✐❝❛❧❧② t❤❡ tr❛♥s❢❡r ♠❛✲
tr✐① (PFT )nc ❢♦r ❛ ♣❡r✐♦❞✐❝ s❡t ♦❢ nc ❝❡❧❧s✱ t♦ t❛❦❡ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦❢ ❛ ✜♥✐t❡ ❧❡♥❣t❤ ❧❛t✲
t✐❝❡ ✭✈✐❛ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ (PFT )nc ❛s ❛♥ ✐♠♣❡❞❛♥❝❡
♠❛tr✐①✮✱ ❛♥❞ t♦ ♦❜t❛✐♥ t❤❡ ❡①♣r❡ss✐♦♥ ♦❢ t❤❡ ✐♥s❡r✲
t✐♦♥ ❧♦ss ♦❢ t❤❡ ✜♥✐t❡ ❧❡♥❣t❤ ❧❛tt✐❝❡s r❡♣r❡s❡♥t❡❞ ✐♥
❋✐❣✳✷✳ ❚❤❡ ❛♥❛❧②t✐❝❛❧ ❛♣♣r♦❛❝❤ ♣r♦♣♦s❡❞✱ ✐♥ ❛❞❞✐t✐♦♥
t♦ ♣r♦✈✐❞✐♥❣ ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ t❤❡ r❡s✉❧ts✱
❛✈♦✐❞s ♥✉♠❡r✐❝❛❧ ♣r♦❜❧❡♠s t❤❛t ✉s✉❛❧❧② ❛♣♣❡❛r ✇❤❡♥
♦♥❡ ❡✐❣❡♥♠♦❞❡ ✐s str♦♥❣❧② ❡✈❛♥❡s❝❡♥t✳
✹✳ ❆♣♣❧✐❝❛t✐♦♥ t♦ ❛♥ ❛✉t♦♠♦t✐✈❡ ♠✉❢✲
✢❡r
■♥ ♦r❞❡r t♦ ✐❧❧✉str❛t❡ t❤❡ ❡✛❡❝t ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t② ♦❢
t❤❡ ❧❛tt✐❝❡ ♦♥ t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❛♥❞ ❛tt❡♥✉❛t✐♦♥ ❛t
❧♦✇ ❢r❡q✉❡♥❝✐❡s✱ ✇❡ ❛♣♣❧② t❤❡ ❛❜♦✈❡ r❡s✉❧ts t♦ ❛ ♣❛r✲
t✐❝✉❧❛r ❣❡♦♠❡tr② s❤♦✇♥ ✐♥ ❋✐❣✳✷ ✭t♦♣✮✳ ❚❤✐s ❣❡♦♠✲
❡tr② ✐♥❝❧✉❞❡s ❞✐❛♣❤r❛❣♠s ✇✐t❤✐♥ ❲❛✈❡❣✉✐❞❡ ✷✳ ❚❤❡
❞✐❛♣❤r❛❣♠ ♦♣❡♥✐♥❣ ✐s ✉s❡❞ ❛s ❛ ♣❛r❛♠❡t❡r ✐♥ ♦r❞❡r
t♦ ❡①♣❧♦r❡ ❛ ✇✐❞❡ ✈❛r✐❡t② ♦❢ s✐t✉❛t✐♦♥s✳ ❲✐t❤ ♥♦ ❞✐✲
❛♣❤r❛❣♠s✱ t❤❡ ❧❛tt✐❝❡ ✐s ❤♦♠♦❣❡♥❡♦✉s ✭❋✐❣✳✷✱ ❜♦tt♦♠✮✱
❛♥❞ t❤❡ ❣❡♦♠❡tr✐❝❛❧ ❞✐♠❡♥s✐♦♥s ✭s❡❡ ❚❛❜✳■✮ ❛r❡ ❝❤♦✲
s❡♥ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❧♦♥❣ r❡s♦♥❛t♦r st✉❞✐❡❞ ♥✉♠❡r✲
✐❝❛❧❧② ❜② ❙✉❧❧✐✈❛♥ ❛♥❞ ❈r♦❝❦❡r ❬✼❪✳ ❖♥ t❤❡ ♦♣♣♦s✐t❡✱
Low frequency coupling and mode interference in a finite length latticeFORUM ACUSTICUM 2014
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❋✐❣✉r❡ ✸✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ t✇♦ ❡✐❣❡♥♠♦❞❡s ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ❝❡❧❧ ♦❢ t❤❡ str♦♥❣❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 0.08✮✿
s♦❧✉t✐♦♥s ♦❢ t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ ✭❧❡❢t✮✱ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ✭❝❡♥t❡r✮ ❛♥❞ r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ✭r✐❣❤t✮✳ P❧❛♥❡
♠♦❞❡ ✭♠❛r❦❡r ♦✮ ❛♥❞ ✢✉t❡ ♠♦❞❡ ✭♠❛r❦❡r ♦✮✳ ❋✐❧❧❡❞ ♠❛r❦❡r ✐♥❞✐❝❛t❡ t❤❡ st♦♣ ❜❛♥❞ [F−
b
;F+a ] ✭♥♦ ♣r♦♣❛❣❛t✐♥❣ ❡✐❣❡♥♠♦❞❡s✮✳
❙♦❧✉t✐♦♥s ❢♦r t✇♦ ❡①tr❡♠❡ ❧❛tt✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r r❡❢❡r❡♥❝❡✿ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 1✱ ❞❛s❤❡❞ ❛♥❞ ❞❛s❤✲
❞♦t ❧✐♥❡s✮✱ ❛♥❞ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs ✭σd = 0✱ s♦❧✐❞ ❧✐♥❡✮✳
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❋✐❣✉r❡ ✹✳ Pr♦♣❡rt✐❡s ♦❢ t❤❡ t✇♦ ❡✐❣❡♥♠♦❞❡s ♦❢ ❛♥ ❡❧❡♠❡♥t❛r② ❝❡❧❧ ♦❢ t❤❡ ❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 0.8✮✿ s♦❧✉t✐♦♥s ♦❢
t❤❡ ❞✐s♣❡rs✐♦♥ ❡q✉❛t✐♦♥ ✭❧❡❢t✮✱ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ✭❝❡♥t❡r✮ ❛♥❞ r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ✭r✐❣❤t✮✳ P❧❛♥❡ ♠♦❞❡ ✭♠❛r❦❡r
♦✮ ❛♥❞ ✢✉t❡ ♠♦❞❡ ✭♠❛r❦❡r ♦✮✳ ❋✐❧❧❡❞ ♠❛r❦❡r ✐♥❞✐❝❛t❡ t❤❡ ❜❛♥❞ [F+a ;F
−
b
] ✇✐t❤ t✇♦ ♣r♦♣❛❣❛t✐♥❣ ❡✐❣❡♥♠♦❞❡s✳ ❙♦❧✉t✐♦♥s
❢♦r t✇♦ ❡①tr❡♠❡ ❧❛tt✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r r❡❢❡r❡♥❝❡✿ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 1✱ ❞❛s❤❡❞ ❛♥❞ ❞❛s❤✲❞♦t ❧✐♥❡s✮✱
❛♥❞ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs ✭σd = 0✱ s♦❧✐❞ ❧✐♥❡✮✳
✇✐t❤ t♦t❛❧❧② ❝❧♦s❡❞ ❞✐❛♣❤r❛❣♠s✱ t❤❡ ❧❛tt✐❝❡ ✐s ❛ s❡r✐❡s
♦❢ ❜r❛♥❝❤❡❞ r❡s♦♥❛t♦rs ✭❋✐❣✳✷✱ ❝❡♥t❡r✮✳ ❇✉t t❤❛♥❦s t♦
t❤❡ ❛♣♣r♦❛❝❤ ♣r❡s❡♥t❡❞ ❛❜♦✈❡✱ ✇❡ ❝❛♥ ❛❧s♦ ❡①♣❧♦r❡
t✇♦ ✐♥t❡r♠❡❞✐❛t❡ s✐t✉❛t✐♦♥s ❜② ✈❛r②✐♥❣ t❤❡ ❞✐❛♣❤r❛❣♠
♦♣❡♥✐♥❣✿ ❛♥ ❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭✇✐❞❡ ♦♣❡♥
❞✐❛♣❤r❛❣♠s✮ ❛♥❞ ❛ str♦♥❣❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭❞✐✲
❛♣❤r❛❣♠s ✇✐t❤ ✈❡r② s♠❛❧❧ ♦♣❡♥✐♥❣✮✳
❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷ ❛r❡ ❝♦✲❛①✐❛❧ ❝②❧✐♥❞❡rs ✜❧❧❡❞ ✇✐t❤
❛♠❜✐❡♥t ❛✐r✳ ❚❤❡ ❝❧❛ss✐❝❛❧ tr❛♥s❢❡r ♠❛tr✐① ❢♦r ❛ ♣❧❛♥❡
♠♦❞❡ ✭♣r❡ss✉r❡✲✈❡❧♦❝✐t②✮ ❛❧♦♥❣ ♦♥❡ ✉♥❝♦✉♣❧❡❞ ♣♦rt✐♦♥
♦❢ ❧❡♥❣t❤ l ♦❢ ❧♦ss❧❡ss ❲❛✈❡❣✉✐❞❡ ✶ ♦r ✷ ✭♥♦ ❧❛t❡r❛❧
♣❡r❢♦r❛t✐♦♥✮ ✐s✿
t1,2 =
(
cos(kl) jZ0c sin(kl)
j sin(kl)/Z0c cos(kl)
)
✇❤❡r❡ Z0c = ρ0c0 ❛♥❞ k = ω/c0 ❛r❡ t❤❡ ❝❤❛r❛❝t❡r✐s✲
t✐❝ ✐♠♣❡❞❛♥❝❡ ❛♥❞ ✇❛✈❡♥✉♠❜❡r ♦❢ t❤❡ ♠❡❞✐✉♠ ✭❛✐r✮
✜❧❧✐♥❣ ❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷✱ ✇✐t❤ ρ0 ✐ts ❞❡♥s✐t② ❛♥❞ c0
✐ts s♦✉♥❞ ✈❡❧♦❝✐t②✳
❚❤❡ tr❛♥s❢❡r ♠❛tr✐① T1 ❛♥❞ T2 ♦❢ ❊q✳✹ ❛r❡ ❣✐✈❡♥
❜② T1 = (t1)
2✱ ❛♥❞ T2 = t2Dt2 ✇❤❡r❡ t❤❡ ❛❝♦✉st✐❝
♠❛ss ✐♠♣❡❞❛♥❝❡ Zd ✐♥ t❤❡ ♠❛tr✐①
D =
(
1 Zd
0 1
)
✭✶✵✮
✐♥tr♦❞✉❝❡s t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t② ❞✉❡ t♦ t❤❡ ♣r❡s✲
❡♥❝❡ ♦❢ t❤❡ ❞✐❛♣❤r❛❣♠s ✇✐t❤✐♥ ❲❛✈❡❣✉✐❞❡ ✷✳ ❚❤❡
✐♠♣❡❞❛♥❝❡ ♦❢ ♦♥❡ ❞✐❛♣❤r❛❣♠ ✐s ❝❤♦s❡♥ ❛s Zd =
jωρS2/2rd
(
1−√pir2d/S2
)
✳ ❚❤❡ ♦♣❡♥ r❛t✐♦ ♦❢ t❤❡ ❞✐✲
❛♣❤r❛❣♠s ❢♦r ♦♥❡ ❝❡❧❧ ✐s ❞❡✜♥❡❞ ❛s σd = ndr
2
d/(r
2
2−r21)
✇❤❡r❡ nd ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❞✐❛♣❤r❛❣♠s ❛r♦✉♥❞ t❤❡ ❝✐r✲
❝✉♠❢❡r❡♥❝❡ ♦❢ ♦♥❡ ❡❧❡♠❡♥t❛r② ❝❡❧❧✳ ❙✐♠✐❧❛r❧②✱ ❢♦r t❤❡
❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥s✱ t❤❡ ✐♠♣❡❞❛♥❝❡ 1/Ys ♦❢ ♦♥❡ ♣❡r✲
❢♦r❛t✐♦♥ ✐s ❝❤♦s❡♥ ❛s 1/Ys = jωρ/2rs ✳ ❚❤❡ ♦♣❡♥ r❛t✐♦
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❋✐❣✉r❡ ✺✳ ■♥s❡rt✐♦♥ ▲♦ss ♦❢ t❤❡ str♦♥❣❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛t✲
t✐❝❡ ✭σd = 0.08✮ ♦❢ ✜♥✐t❡ ❧❡♥❣t❤✳ ❇❧❛❝❦ ❧✐♥❡ ✐♥❞✐❝❛t❡ ❛ st♦♣
❜❛♥❞ ✭♥♦ ♣r♦♣❛❣❛t✐♥❣ ❡✐❣❡♥♠♦❞❡s✮✳ ❙♦❧✉t✐♦♥s ❢♦r t✇♦ ❡①✲
tr❡♠❡ ❧❛tt✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r r❡❢❡r❡♥❝❡✿ ❤♦✲
♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 1✱ ❞❛s❤✲❞♦t ❧✐♥❡✮✱ ❛♥❞ ❜r❛♥❝❤❡❞
❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs ✭σd = 0✱ t❤✐♥ s♦❧✐❞ ❧✐♥❡✮✳
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❋✐❣✉r❡ ✻✳ ■♥s❡rt✐♦♥ ▲♦ss ♦❢ t❤❡ ❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s ❧❛t✲
t✐❝❡ ✭σd = 0.8✮ ♦❢ ✜♥✐t❡ ❧❡♥❣t❤✳ ❇❧❛❝❦ ❧✐♥❡ ✐♥❞✐❝❛t❡ ❛ ❜❛♥❞
✇✐t❤ t✇♦ ♣r♦♣❛❣❛t✐♥❣ ❡✐❣❡♥♠♦❞❡s✳ ❙♦❧✉t✐♦♥s ❢♦r t✇♦ ❡①✲
tr❡♠❡ ❧❛tt✐❝❡ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ s❤♦✇♥ ❢♦r r❡❢❡r❡♥❝❡✿ ❤♦✲
♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭σd = 1✱ ❞❛s❤✲❞♦t ❧✐♥❡✮✱ ❛♥❞ ❜r❛♥❝❤❡❞
❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs ✭σd = 0✱ t❤✐♥ s♦❧✐❞ ❧✐♥❡✮✳
♦❢ t❤❡ ❧❛t❡r❛❧ ♣❡r❢♦r❛t✐♦♥s ❢♦r ♦♥❡ ❝❡❧❧ ✐s ❞❡✜♥❡❞ ❛s
σs = nsr
2
s/(4lr1) ✇❤❡r❡ ns ✐s t❤❡ ♥✉♠❜❡r ♦❢ ❧❛t❡r❛❧
♣❡r❢♦r❛t✐♦♥s ✭❛❧❧ s✐t✉❛t❡❞ ❛t xn (n = 1..nc)✮ ♦❢ ❡❧❡✲
♠❡♥t❛r② ❝❡❧❧ ♥✉♠❜❡r n✳
✺✳ ❘❡s✉❧ts
❲❡ ✜rst ❡①❛♠✐♥❡ ❤♦✇ t✇♦ ❝❧❛ss✐❝❛❧ ❝♦♥✜❣✉r❛t✐♦♥s
❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ t❤❛♥❦s t♦ t❤❡ ♣r♦♣♦s❡❞ ❛♣♣r♦❛❝❤✳
❚❤❡ ✜rst ❝♦♥✜❣✉r❛t✐♦♥ ✐s ❛♥ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ❛♥❞
t❤❡ s❡❝♦♥❞ ✐s ❛ ❧❛tt✐❝❡ ✇✐t❤ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs
❜r❛♥❝❤❡❞ ♦♥ ❲❛✈❡❣✉✐❞❡ ✶✳ ❚❤❡♥ ✇❡ ✇✐❧❧ st✉❞② t❤❡
❡✛❡❝t ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ❧❛tt✐❝❡ ♦♥ t❤❡ ♣r♦♣❛❣❛✲
t✐♦♥ ❛♥❞ ✐♥s❡rt✐♦♥ ❧♦ss ❛t ❧♦✇ ❢r❡q✉❡♥❝✐❡s✳
❆t t❤❡ ❧✐♠✐t ✇❤❡r❡ ♣r♦♣❛❣❛t✐♦♥ ♠❡❞✐❛ ❛r❡ ✐❞❡♥t✐❝❛❧
✇✐t❤✐♥ ❲❛✈❡❣✉✐❞❡s ✶ ❛♥❞ ✷ ✭A1 = A2✱ ❋✐❣✳✷✱ ❜♦tt♦♠✮✱
C t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ t❤❡ t✇♦ ❡✐❣❡♥♠♦❞❡s ✭❊q✳✾✮
r❡❞✉❝❡ ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❡①✲
♣r❡ss✐♦♥✿
{
coshΓ = A
coshΓ′ = A+ 1
2
Yp(B1 +B2)
. ✭✶✶✮
❚❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❤♦♠♦❣❡♥❡♦✉s ♣❧❛♥❡ ♠♦❞❡ Γ
❛♥❞ ❤♦♠♦❣❡♥❡♦✉s ✢✉t❡ ♠♦❞❡ Γ′ ❛r❡ r❡♣r❡s❡♥t❡❞ ✐♥
❋✐❣✳✸ ✭❧❡❢t✮ ✇✐t❤ ❞❛s❤❡❞ ❧✐♥❡s ❛♥❞ ❞❛s❤✲❞♦t ❧✐♥❡s
r❡s♣❡❝t✐✈❡❧②✳ ❆♥❛❧②t✐❝❛❧ ❡①♣r❡ss✐♦♥s ❢♦r t❤❡ ♥♦r♠❛❧✲
✐③❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ♦❢ t❤❡ ♣❧❛♥❡ ♠♦❞❡
Zc(ω)/(ρ0c0/S1) ❛♥❞ t❤❡ ✢✉t❡ ♠♦❞❡ Z
′
c(ω)/(ρ0c0/S1)✱
❛♥❞ t❤❡✐r r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② c0/vφ(ω) =
Im(Γ)c0/(2lω) ❛♥❞ c0/v
′
φ(ω) = Im(Γ
′)c0/(2lω) ❝❛♥
❛❧s♦ ❜❡ ♦❜t❛✐♥❡❞ ✭♥♦t ♣r❡s❡♥t❡❞✮✳ ❚❤❡✐r ✈❛r✐❛t✐♦♥ ✐s
s❤♦✇♥ ✐♥ ❋✐❣✳✸ ✭❝❡♥t❡r✮ ❛♥❞ ❋✐❣✳✸ ✭r✐❣❤t✮✱ ✉s✐♥❣ t❤❡
s❛♠❡ ❞❛s❤❡❞ ❛♥❞ ❞❛s❤✲❞♦t ❧✐♥❡s✳ ❋✐❣✳✸ s❤♦✇s✱ ❛s ❛❧✲
r❡❛❞② r❡♣♦rt❡❞ ✐♥ ❬✶❪✱ t❤❛t ❛ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✐s
❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ✇✐t❤ ❛ ♥♦♥ ❞✐s♣❡rs✐✈❡ ♣❧❛♥❡ ♠♦❞❡
✭c0/vφ(ω) ✐s ❝♦♥st❛♥t✮ ✇❤✐❝❤ ✐s ❛❧✇❛②s ♣r♦♣❛❣❛t✐♥❣ ✭✲
✶❁coshΓ < 1✮✳ ❚❤❡ ✢✉t❡ ♠♦❞❡ coshΓ′ t❡♥❞s ❛s②♠♣✲
t♦t✐❝❛❧❧②✱ ✇❤❡♥ ✐♥❝r❡❛s✐♥❣ ❢r❡q✉❡♥❝② ❛❜♦✈❡ ✐ts ❝✉t✲♦♥
❢r❡q✉❡♥❝② F+a = 1803❍③ ✭F
+
a ✐s ❣✐✈❡♥ ❜② coshΓ
′ = 1✮✱
t♦✇❛r❞s ♣❤②s✐❝❛❧ ❝❤❛r❛❝t❡r✐st✐❝s s✐♠✐❧❛r t♦ t❤❡ ♣❧❛♥❡
♠♦❞❡✳ ❚❤✐s s✐♠✐❧❛r✐t② ❢♦r f > F+a ❜❡t✇❡❡♥ ❤♦♠♦❣❡✲
♥❡♦✉s ♣❧❛♥❡ ♠♦❞❡ ❛♥❞ ✢✉t❡ ♠♦❞❡ r❡s✉❧ts ✐♥ ❧♦♥❣✐t✉✲
❞✐♥❛❧ ✐♥t❡r❢❡r❡♥❝❡s✱ ❞r✐✈❡♥ ❜② t❤❡ t♦t❛❧ ❧❡♥❣t❤ ♦❢ t❤❡
✜♥✐t❡ ❧❛tt✐❝❡✱ ❛s ❞❡t❛✐❧❡❞ ✐♥ ❬✶❪✱ ❛ss♦❝✐❛t❡❞ t♦ r❡s♦♥❛♥t
❛tt❡♥✉❛t✐♦♥ ♣❡❛❦s ♦❢ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss ♦❢ t❤❡ ❤♦♠♦❣❡✲
♥❡♦✉s ❧❛tt✐❝❡ ❢♦r f > F+a ✭❋✐❣✳✺✱ ❞❛s❤✲❞♦t ❧✐♥❡✮✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs✱ t❤❡
❞✐❛♣❤r❛❣♠s ❛r❡ t♦t❛❧❧② ❝❧♦s❡❞✳ ❚❤❡ ✐♠♣❡❞❛♥❝❡ Zd ✐♥
❊q✳✶✵ t❡♥❞s t♦ ✐♥✜♥✐t② ❛♥❞ A1 ≪ A2 ✱ B1 ≪ B2✳ ❚❤❡
✉♥✐q✉❡ ♠♦❞❡ ♣r♦♣❛❣❛t✐♥❣ t❤r♦✉❣❤ t❤❡ ❧❛tt✐❝❡ ✐s ❣✐✈❡♥
❜②✿
coshΓ = A1 +
1
2Zh
B1 , ✭✶✷✮
✇❤❡r❡ Zh = 1/Yp + B2/2(A2 − 1) ✐s t❤❡ ✐♥♣✉t
✐♠♣❡❞❛♥❝❡ ♦❢ t❤❡ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦r ♦❢ ♦♥❡ ❝❡❧❧ ♦❢
t❤❡ ❧❛tt✐❝❡ ✭❋✐❣✳✷✱ ❝❡♥t❡r✮✳ ❚❤❡ s❡r✐❡s ♦❢ ❜r❛♥❝❤❡❞ r❡s✲
♦♥❛t♦rs ❛❝ts ❛s ❛ ❧♦❝❛❧ r❡❛❝t✐♥❣ tr❡❛t♠❡♥t ♦♥ ❲❛✈❡❣✲
✉✐❞❡ ✶✱ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❡✛❡❝t ✭s❡❡ ❋✐❣✳✸ ❧❡❢t✱ t❤✐♥
s♦❧✐❞ ❧✐♥❡✮ ❛t t❤❡ ❍❡❧♠❤♦❧t③ r❡s♦♥❛♥❝❡ Fh = 912
❍③ ✭❣✐✈❡♥ ❜② Zh = 0✮✳ ❚❤❡ ❧❛tt✐❝❡ ❡①❤✐❜✐ts ❛ st♦♣
❜❛♥❞ ✇✐t❤ |coshΓ| > 1 ✭✇❤❡♥ ✐❣♥♦r✐♥❣ ✈✐s❝♦t❤❡r♠❛❧
❧♦ss❡s✮ ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ [Fh;F
+
a ]✱ t❤❛t ❝♦rr❡s♣♦♥❞s
❛❧s♦ t♦ ❛ ✈❡r② s♠❛❧❧ r❡❧❛t✐✈❡ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡
Zc(ω)/(ρ0c0/S1) ✭s❡❡ ❋✐❣✳✸ ❝❡♥t❡r✱ t❤✐♥ s♦❧✐❞ ❧✐♥❡✮ ❛♥❞
r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② c0/vφ(ω) ✭s❡❡ ❋✐❣✳✸ r✐❣❤t✱ t❤✐♥
s♦❧✐❞ ❧✐♥❡✮✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤✐s st♦♣ ❜❛♥❞ ✭♥♦ ♣r♦♣✲
❛❣❛t✐♥❣ ♠♦❞❡✮ ✐♥❞✉❝❡s ❛ ❝✉♠✉❧❛t✐✈❡ ❛tt❡♥✉❛t✐♦♥✿ t❤❡
✐♥s❡rt✐♦♥ ❧♦ss s❤♦✇♥ ✐♥ ❋✐❣✳✺ ✭t❤✐♥ s♦❧✐❞ ❧✐♥❡✮ ✐s ❞✐✲
r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ♥✉♠❜❡r ♦❢ ❡❧❡♠❡♥t❛r② ❝❡❧❧s
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♦❢ t❤❡ ✜♥✐t❡ ❧❛tt✐❝❡ ✭❤❡r❡ nc = 15✱ s❡❡ ❚❛❜✳■✮✱ ❛♥❞ ✐s
✈❡r② s♠❛❧❧ ♦✉ts✐❞❡ t❤❡ st♦♣ ❜❛♥❞✳
■♥ t❤❡ ❝❛s❡ ♦❢ ❛ str♦♥❣❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡✱ t❤❡
♦♣❡♥ ❛r❡❛ ♦❢ t❤❡ ❞✐❛♣❤r❛❣♠s ❜❡t✇❡❡♥ t✇♦ ♥❡✐❣❤❜♦r✐♥❣
❝❡❧❧s ♦❢ t❤❡ ❧❛tt✐❝❡ r❡♣r❡s❡♥ts ♦♥❧② ✽% ♦❢ S2 ✭t❤❛t ✐s
σd = 0.08)✳ ❆t ❧♦✇ ❢r❡q✉❡♥❝✐❡s ❛♥❞ ❢♦r t❤❡ ♣❧❛♥❡ ♠♦❞❡
✭♠❛r❦❡r ♦✮✱ ❋✐❣✳✸ s❤♦✇s t❤❛t t❤❡ ♣r♦♣❛❣❛t✐♦♥ ❝♦♥st❛♥t
coshΓ ❋✐❣✳✸ ✭❧❡❢t✮✱ t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ✐♠♣❡❞❛♥❝❡ ❋✐❣✳✸
✭❝❡♥t❡r✮✱ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ❋✐❣✳✸ ✭r✐❣❤t✮✱
❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦r
s♦❧✉t✐♦♥ ✭t❤✐♥ s♦❧✐❞ ❧✐♥❡✮✳ ❈♦♥✈❡rs❡❧②✱ ❛t ❢r❡q✉❡♥❝✐❡s
❛❜♦✈❡ F+a ✭❣✐✈❡♥ ❜② coshΓ
′ = 1✮✱ t❤❡ ✢✉t❡ ♠♦❞❡
✭♠❛r❦❡r ♦✮ ✐s ✈❡r② ❝❧♦s❡ t♦ t❤❡ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③
r❡s♦♥❛t♦r s♦❧✉t✐♦♥ ✭t❤✐♥ s♦❧✐❞ ❧✐♥❡✮✳ ❚❤✐s s♠❛❧❧ ❛♠♦✉♥t
♦❢ ❛♣❡rt✉r❡ ✭✽%✮ ✐♥t♦ t❤❡ r❡s♦♥❛t♦rs ✇❛❧❧ ✐s s✉✣❝✐❡♥t
t♦ r❡❞✉❝❡ ❞r❛♠❛t✐❝❛❧❧② t❤❡ st♦♣ ❜❛♥❞ ❢r♦♠ [Fh;F
+
a ]
✭❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦rs✮ t♦ [F−b ;F
+
a ] ✭✇❤❡r❡
F−b ✐s ❣✐✈❡♥ ❜② coshΓ = −1✮✳ ❚❤❡ st♦♣ ❜❛♥❞ ✐s ✐♥✲
❞✐❝❛t❡❞ ✇✐t❤ ❜❧❛❝❦ ✜❧❧❡❞ ♠❛r❦❡rs ♦♥ ❋✐❣✳✸✳ ❈♦♥❝❡r♥✲
✐♥❣ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss ✭❋✐❣✳✺✮✱ t❤❡ str♦♥❣❧② ✐♥❤♦♠♦❣❡✲
♥❡♦✉s ❧❛tt✐❝❡ ✭t❤✐❝❦ ❧✐♥❡✮ ❞✐✛❡rs s✐❣♥✐✜❝❛♥t❧② ❢r♦♠ t❤❡
❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③ r❡s♦♥❛t♦r ❝❛s❡ ✭t❤✐♥ s♦❧✐❞ ❧✐♥❡✮
♦♥❧② ❢♦r ❢r❡q✉❡♥❝✐❡s ❜❡❧♦✇ F−b ✳ ■♥ ♣❛rt✐❝✉❧❛r ✇✐t❤✐♥
t❤❡ st♦♣ ❜❛♥❞ [F−b ;F
+
a ]✱ t❤❡ t✇♦ ✐♥s❡rt✐♦♥ ❧♦ss❡s ❛r❡
✈❡r② ❝❧♦s❡✱ ❛♥❞ t❤❡ str♦♥❣❧② ✐♥❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡
♠❛② ♣r♦❜❛❜❧② ❜❡ ❞❡s❝r✐❜❡❞ ❛s ❛ ❧♦❝❛❧❧② r❡❛❝t✐♥❣ ❧✐♥❡r✱
❛t ❧❡❛st ❢♦r ❢r❡q✉❡♥❝✐❡s ✇✐t❤✐♥ ♦r ❝❧♦s❡ t♦ t❤❡ st♦♣
❜❛♥❞✳ ❚❤✐s ♣♦✐♥t ♠✐❣❤t ❜❡ ❢✉rt❤❡r ✐♥✈❡st✐❣❛t❡❞✳
■❢ ♦♥❡ ❝♦♥t✐♥✉❡s t♦ ♦♣❡♥ t❤❡ ❞✐❛♣❤r❛❣♠s ✭✐♥❝r❡❛s✐♥❣
σd✮✱ t❤❡ ❝✉t✲♦✛ ❢r❡q✉❡♥❝② ♦❢ t❤❡ ♣❧❛♥❡ ♠♦❞❡ F
−
b ✐♥✲
❝r❡❛s❡s✱ ❛s ♦♣♣♦s❡❞ t♦ F+a ✇❤✐❝❤ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥
σd✳ F
−
b t❡♥❞s t♦ ✐♥✜♥✐t② ❢♦r ✶✵✵% ♦♣❡♥❡❞ ❞✐❛♣❤r❛❣♠s
✭❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡✮✳ ❋♦r ❛♥ ❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s
❧❛tt✐❝❡ ✇✐t❤ ❛♥ ♦♣❡♥ ❛r❡❛ ♦❢ t❤❡ ❞✐❛♣❤r❛❣♠s t❤❛t
r❡♣r❡s❡♥ts ✽✵% ♦❢ S2 ✭t❤❛t ✐s σd = 0.8)✱ F
−
b ✐s s✐t✲
✉❛t❡❞ ❛❜♦✈❡ t❤❡ ♠❛①✐♠✉♠ ❢r❡q✉❡♥❝② ✉♥❞❡r st✉❞②
Fmax = 3500 ❍③✳ ❇❡❧♦✇ Fmax t❤❡ s②st❡♠ ❤❛s ♥♦
st♦♣ ❜❛♥❞✳ ■t ❡①❤✐❜✐ts t✇♦ ♣r♦♣❛❣❛t✐♥❣ ❡✐❣♥❡♠♦❞❡s
✇✐t❤✐♥ [F+a ;Fmax] ✭✐♥❞✐❝❛t❡❞ ✇✐t❤ ❜❧❛❝❦ ✜❧❧❡❞ ♠❛r❦✲
❡rs ♦♥ ❋✐❣✳✹✮✱ ❛s ❢♦r ❛ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭❞❛s❤❡❞
❛♥❞ ❞❛s❤✲❞♦t ❧✐♥❡s✮✳ ❇✉t ❝♦♥tr❛r② t♦ ❛ ❤♦♠♦❣❡♥❡♦✉s
❧❛tt✐❝❡✱ ❡✈❡♥ ✇✐t❤ ❞✐❛♣❤r❛❣♠s ❛❧♠♦st t♦t❛❧❧② ♦♣❡♥❡❞
✭σd = 0.8✮✱ t❤❡ ♣❧❛♥❡ ♠♦❞❡ ✭♠❛r❦❡r ♦✮ ✐s ❞✐s♣❡rs✐✈❡✿
c0/vφ(ω) ♥♦t ✐s ❝♦♥st❛♥t✱ s❡❡ ❋✐❣✳✹ ✭r✐❣❤t✮✳ ❚❤❡ ♣r♦♣✲
❛❣❛t✐♦♥ ❝♦♥st❛♥t ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢
t❤❡ ♣❧❛♥❡ ♠♦❞❡ ❛♥❞ t❤❡ ✢✉t❡ ♠♦❞❡ ✭♠❛r❦❡r ♦✮ ❛r❡
♥♦t ❝❧♦s❡ t♦ ❡❛❝❤ ♦t❤❡r✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ t❤❡ r❡s♦✲
♥❛♥t ❛tt❡♥✉❛t✐♦♥ ♣❡❛❦s ♦❢ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss ❛❜♦✈❡ F+a
♦❜s❡r✈❡❞ ❢♦r t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭❋✐❣✳✻ ❞❛s❤✲❞♦t
❧✐♥❡✮✱ ❞✉❡ t❤❡ ❧♦♥❣✐t✉❞✐♥❛❧ ✐♥t❡r❢❡r❡♥❝❡ ♦❢ t✇♦ s✐♠✐❧❛r
❡✐❣❡♥♠♦❞❡s✱ ❛r❡ str♦♥❣❧② r❡❞✉❝❡❞ ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡
❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ✭t❤✐❝❦ ❧✐♥❡✮✳
✻✳ ❈♦♥❝❧✉s✐♦♥
❚❤❡ ♣❛rt✐❝✉❧❛r t②♣❡ ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t② ✭❞✐❛♣❤r❛❣♠s✮
✉s❡❞ ❤❡r❡ str♦♥❣❧② ❛✛❡❝ts t❤❡ ♣❤❛s❡ ✈❡❧♦❝✐t② ♦❢ t❤❡
♣❧❛♥❡ ❡✐❣❡♥♠♦❞❡✱ ❛♥❞ ❛❧s♦ ♠♦❞✐✜❡s t❤❡ st♦♣ ❜❛♥❞ ❛♥❞
t✇♦✲♠♦❞❡s ❜❛♥❞ ♦❢ t❤❡ ✐♥✜♥✐t❡ ❧❛tt✐❝❡✳
❋r♦♠ ❛ ♣r❛❝t✐❝❛❧ ♣♦✐♥t ♦❢ ✈✐❡✇✱ t❤✐s ❛♣♣r♦❛❝❤ ✐❧✲
❧✉str❛t❡s ❤♦✇ t❤❡ ✐♥❤♦♠♦❣❡♥❡✐t② ♦❢ t❤❡ ✐♥✜♥✐t❡ ❧❛t✲
t✐❝❡ ♠♦❞✐✜❡s t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss ♦❢ t❤❡ ❧❛tt✐❝❡ ♦❢ ✜♥✐t❡
❧❡♥❣t❤✳ ■t ❛♣♣❡❛rs t❤❛t ❣❧♦❜❛❧❧②✱ t❤❡ ✐♥s❡rt✐♦♥ ❧♦ss ♦❢
❜♦t❤ ❤♦♠♦❣❡♥❡♦✉s ❧❛tt✐❝❡ ❛♥❞ ❜r❛♥❝❤❡❞ ❍❡❧♠❤♦❧t③
r❡s♦♥❛t♦rs✱ ✐s ❧♦✇❡r❡❞ ✇❤❡♥ ❞✐❛♣❤r❛❣♠s ❛r❡ ✐♥tr♦✲
❞✉❝❡❞✳
❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ❡✈❡♥ t❤♦✉❣❤ ❞✐❛♣❤r❛❣♠s ✇❛s ❛
s✐♠♣❧❡ ✇❛② t♦ ✐♥tr♦❞✉❝❡ ♣❛r❛♠❡tr✐❝❛❧❧② t❤❡ ✐♥❤♦♠♦✲
❣❡♥❡✐t② ✇✐t❤✐♥ t❤❡ ❧❛tt✐❝❡✱ ✐t ♠❛② ♥♦t ❜❡ ❛ ♣r❛❝t✐✲
❝❛❧ ✇❛② t♦ ✐♠♣r♦✈❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❧❛tt✐❝❡ ❛s
❛♥ ❛❝♦✉st✐❝ tr❡❛t♠❡♥t✳ ◆❡✈❡rt❤❡❧❡ss✱ ❧❛tt✐❝❡ ❝♦♥✜❣✉✲
r❛t✐♦♥s ✐♥❝❧✉❞✐♥❣ ♦t❤❡r t②♣❡s ♦❢ ✐♥❤♦♠♦❣❡♥❡✐t② ❧✐❦❡
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